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Abstract

This work is related to the bending problem of thick rectangular Levy plates. Series solution for the
Mindlin (thick) plate model is obtained and represented as a sum of the Kirchhoff (thin) plate
model solution, the “shear terms” and the “boundary layer terms”. Hard- and soft-simple
supported, hard- and soft-clamped and free boundary conditions are considered. In order to detect
plate regions where Kirchhoff model is good enough, and plate regions where Mindlin model
should be used, a model error indicator is introduced. Several examples are presented, illustrating
the difference between the Mindlin and the Kirchhoff results, the strengths of boundary layers for
different boundary conditions, accuracy of several possible model error indicators and dependence
of results on plate thickness.

Keywords: Plates, Mindlin plate theory, Kirchhoff plate theory, Levy plates, Boundary layer,
Model error indicator

1. Introduction

The bending of plates has been modeled by different theories, which may lead to different solutions,
depending on the model used. The most common plate models are the Kirchhoff model and the
Mindlin model. The latter is very often referred to as the Reissner-Mindlin one, although the Reissner
and the Mindlin models are somewhat different; see e.g. Wang et al. [1].

It is known that the Mindlin solution of the plate problem is very sensitive to the boundary
conditions in the neighborhood of the boundary; the solution may vary sharply in the edge-zone. This
is called plate boundary layer or plate edge effect, and has been analyzed and discussed by Arnold and
Falk [2], [3], Haggblad and Bathe [4] and Babuska and Li [5]. The solution of the Kirchhoff model
has no boundary layer. Babuska and Li [5] showed that the boundary layer is present in the solution of
the three-dimensional formulation. It therefore corresponds to the physical phenomenon. Arnold and
Falk [2], [3] presented a theory for a rigorous analysis of the boundary layer of the Mindlin solution
for plates with smooth boundary. The strengths of the boundary layers were found for different
boundary conditions for rotations and stress resultants. They illustrated the theory by analyzing the
exact solution of a circular and semi-infinite plate with different support conditions. Héaggblad and
Bathe [4] extended their work to boundary layers near a corner and made comparison of theoretical
and numerical results by means of an accurate high-order plate element. Babuska and Li [5] analyzed
how well the Mindlin model approximates the three-dimensional formulation. They showed that the
quality of the Mindlin solution (with respect to the three-dimensional solution) in the neighborhood of
the plate boundary strongly depends on the type of the plate boundary conditions.

The first aim of this work is to discuss the edge effects in the Mindlin solution for rectangular
plates with two opposite edges hard-simply supported and the remaining two edges arbitrarily
supported (e.g. hard-simple supported, soft-simple supported, hard-clamped, soft-clamped or free).
Such plates are usually called Levy plates. We derive analytical (series) Mindlin solution for Levy
plates, and further show that it can be represented as the sum of the corresponding Kirchhoff solution,
the “shear terms” and the “boundary layer terms”. So obtained Mindlin solution is then used to study
and illustrate edge effects in rectangular plates for different boundary conditions.

We note that there are several ways to obtain closed or approximate analytical solution for
rectangular plates, see e.g. Naumenko et al. [11] for a review on this topic or Nosier et al. [12] for a
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series solution. Here we exploit an approach of Lee at al. [13], Reddy and Wang [14] and Lim and
Reddy [15], who derived algebraic relationships between the solutions of Mindlin and Kirchhoff plate
models. In contrast with the above mentioned works we also consider soft-simply supported and soft-
clamped boundary conditions.

Mindlin-theory-based finite elements are very often used for approximate (numerical) analysis
of plates. They can effectively approximate the “shear part” of the analytical solution, but they
typically have problems to detect the “boundary layer part”. Adaptive finite element analysis is needed
to make the boundary layer effect visible, see e.g. Selman et al. [6], Lee and Hobbs [7] and Cho and
Oden [8]. In conjunction with the mesh refinement algorithm, a (mesh) discretization error
indicator/estimator, which is oriented towards capturing the boundary layer effect, has to be used. We
note, that the analytical Mindlin solutions, presented in this paper, can be used to estimate
performance of any (mesh) discretization error indicator related to the mesh of Mindlin-theory based
finite elements; see e.g. Boisse et al. [19], Benoit et al. [20] for examples of discretization error
indicators.

The second aim of this work is related to the model error indicator, which is another source of
error in the computational (numerical) plate model. It is far more difficult to estimate than the
discretization error, see e.g. Stein et al. [10], Bohinc et al. [9]. It is related to the suitability of the
mathematical model chosen for the plate analysis. With the analytical solutions for Kirchhoff and
Mindlin models available, a suitable model error indicator for the Kirchhoff model can be suggested.
We would like to have one that is simple enough as well as sensitive enough to detect the shear layers
in plate as well as the edge effects. Having this in mind, we suggest and mutually compare several
model error indicators, which have a potential to detect plate regions where Kirchhoff model is fine
enough and plate regions where more refined Mindlin model should be used.

The paper is organized as follows. In section 2 we present basic equations of Kirchhoff and
Mindlin plate models and algebraic relationship between those two models. We further recall basic
results of theoretical edge effect analysis for Mindlin model and discuss several possible model error
indicators. In section 3 the results of section 2 are used for the case of Levy plates. In section 4 we
present several illustrative examples. The conclusions are drawn in section 5.

2. Plate models

In this section we present basic equations of Kirchhoff and Mindlin plate models and algebraic
relationship between them. We recall basic results of edge effect analysis for Mindlin model and
introduce several model error indicators.

2.1 The Mindlin and the Kirchhoff plate models and their relationship
Let us consider a plate of thickness h, which mid-plane is in the Xy plane. We assume that any
transverse loading on the plate can be adequately represented by ( = q(x, y). The three basic sets of

equations of any structural model (i.e. equilibrium, kinematic and constitutive) are for the Mindlin
bending plate model

QL +Q,+a=0, My +MJ -Q"=0, My +Mg Q=0 ©)
M M M
Ky =Gs Ky =00 2Ky =B+, o
7>?A:¢X+W,’:<A: 7;\A:¢y+w,'\;
MM_D(M M) MM_D( M M) MM_ 1D(l )2M
o = Do TV o WMy = DWVE T8y p My = 5 PRV 2Ky 3)

Q'=D%y', Q' =Dy

Here, M x M x M x ,QXM ,Q)',vI are stress resultants, ¢X,¢y are rotations of the fibers normal to the

mid-plane, wM s deflection of the mid-plane in the z direction, &, 2K‘x are bending strains
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(curvatures), 7:/' ,)/)',V' are transverse shear strains, D and D°® are plate constants defined as
D = ER’ /(12(1 - V2>), D® = k’Gh, G is shear modulus G = E/(Z(I + V)), E is elastic modulus, v

is Poisson's ration, & is shear correction factor usually set to 5/6 for elastic isotropic plates, and
(O),a = 8(0)/ 0a. The superscript M relates a quantity with the Mindlin model. Equations (1)-(3) can

be reorganized into three coupled differential equations in terms of w", o, ¢y by defining the moment
sum M = (I\/Ix + M x )/ (l + v) = D(¢X‘X + y’y), see (3) and (2), and by using the constitutive and
the kinematic equations in the equilibrium equations
D*(V2w" +M" D)= —q
s 1
D*(g, +w )= M x5 D(1- by =4, )
s 1
D*(g, +w) )= M" ymy D(1-v)g,, - ¢y,x),x
where V2 = 8%/ ox* + 0% | dy*.
One can replace three coupled equations (4) by a set of two uncoupled differential equations in

terms of W" and (¢x'y - ¢y’x), as shown below. Note that expressions on the right hand side of Egs.

(4), and (4); can be regarded as “equilibrium shear forces”, and those on the left hand side as
“constitutive shear forces”. By using both types of shear forces in the first equilibrium equation (1),
one gets the following two equations

VMY =—q = Vg, +¢,,)=-qD" 5)
and
D (V2w +M" D)= —q ()

If MM in (6) is replaced by (5);, a 4™ order differential equation for the mid-plane displacement w' is
obtained

Vi = (D’l - Ds’lvz)q 7)
where V* =0*/0ox* +20%/ (8X28y2 )+ 0*/0y*. The second equation can be obtained by equating the

difference Q;v' y Q)',VI ._for both types of shear forces to get

2 _ A2 _ , 2D° _121(2
\% (¢x,y _¢y,x)_c (¢x,y ¢y,x)’ ¢ = D(I—V)_ hz (8)

Equations (7) and (8); are two uncoupled differential equations of the Mindlin model for W" and

(¢X’y - ¢y,x)- In what follows, we will also use notation

Q= (¢x,y _¢y,x) ©)

The coupling between wM and Q is achieved through the boundary conditions. If (7) and (8) are
solved for some given boundary conditions, the rotations ¢,, ¢y can be obtained from (4) as

s_1 1 S—l
¢X = —W”:(/l + ( D(_ qD ol VZWM )X + 5 D(l - V)(¢x,y - ¢y,x ),YJD
(10)

-1 1 -
g, =—w" +(D(— gD —v2wM )y - D(1-v)g,, —¢yﬂx)’ijS
The stress resultants can be obtained from (2) and (3).
For the Kirchhoff plate model the equilibrium, kinematic and constitutive equations are
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QXK,X+Q3'f,y+q:O, MS +MS —-Qf=0, M} +M} —Q)'f:O (11)

xx,x XY.y Y.y Xy x
Koo = Wi Ky ==Wlys 2055 = =2Wi, 12)
7o =0, 7y =0

MK = D(KXKX +VK';,<y), M:fy = D(VKXKX +K:,<yl MXKy = (%D(l—v)jbcfy (13)

By inserting constitutive and kinematic equations, (13) and (12), into (11), one can get the following
expressions for the “equilibrium shear forces”

Q< =-D(v?w ), =M*, QX =-D(v?w), = MK, (14)

where the moment sum is defined as M" = (I\/lXKX +M ;y)/(l + V)= D(W,'iX + WEy): DV’W" . The
superscript K relates a quantity with the Kirchhoff model. By inserting (14) into (11),, one can get the
familiar 4™ order differential equation for the mid-plane displacement of the Kirchhoff model
VME=—q = V'WwW<=¢gD' (15)
Once (15) is solved for some given boundary conditions, the stress resultants can be obtained from
(12) and (13). It is clear from (2) and (12) that for the Kirchhoff model ¢, = —W’f, P, = —Wf; , and

therefore (2 = (¢X’y - ¢y,x): 0.

To solve the boundary value problem of the Mindlin model (i.e. equations (7) and (8), for
given boundary conditions) one can use an approach of Lee et al. [13], Lim and Reddy [14] and Reddy
and Wang [15], who expressed Mindlin solution in terms of the corresponding Kirchhoff solution. In
the above mentioned works they exploited the fact that the load q is model independent. Having that in

mind, one can set VMM = VM | see (5); and (15);, and further

MM =M" + DV?0 (16)
Here CD(X, y) is a function, which has to satisfy equation
Vio =0 (17)

By using (16), (15) and M" = DV*WX in (6), one can obtain the following relationship between the
Mindlin and the Kirchhoff mid-plane displacements as

wM =wX + MK DYty - @ (18)

Here (X, y) is a function, which has to satisfy equation

Vi =0 (19)

It is clear from (18) that solution of the first differential equation of the Mindlin model (7) can be
replaced by solutions of the three differential equations (15),, (17) and (19), which might be easier to
solve. In view of (9) we also write the second uncoupled differential equation of the Mindlin model
()1 as

h2

12x°
e

VQ-Q=0 (20)

If equations (15),, (17), (19) and (20) are solved for some given boundary conditions (note,
that @,y and € depend both on displacement/rotation boundary conditions and loading), one can

get with (4), (16) and (18) the following expressions for rotations



B =—W" x + (DDS_1 (V2CD)+ D - w)x +C7°Q

- 1)
g, =¥, + (DD (Vi) s 0y ) —c20

,X

By inserting (18) and (21) into (2) and (3), one can finally obtain expressions for the Mindlin stress
resultants in such a way that they already include Kirchhoff stress resultants (12) and (13)

Mg =Mg-D(1-v)A,, +DV’®, My =My -D(I-v)A,, +DV’®
1
MM :M§,+ED(I—V)<A1‘X+A2J) (22)

D(1-v)
2

D(I—V)QX
2

Q) =Qs + D(qu)),x + Qy, Qy = Q;( + D(qu)),y -

where

A =(DD'Vo+@-y), —cQ,, A,=(DD'VO+D-y), +c7Q,

(23)
A +A,, =2DD V2o + Dy ), +Q-2¢7Q,,

As shown e.g. by Arnold and Falk [2], [3] or Haggblad and Bathe [4], Mindlin rotations and
stress resultants can have a sharp change in behavior near the plate edge (i.e. edge effect or boundary
layer effect). It is known that the biharmonic differential equation does not have such an edge effect.
Since the Kirchhoff part and the “shear part” are related to biharmonic equations, see (15) and (7),
they are not responsible for the edge effect. It follows from (18) that i and @ are not responsible for

the edge effect either. It is therefore ) alone, which governs the edge-zone behavior of rotations and
stress resultants. We can conclude from the above that the Mindlin solution can be seen as a sum of
three parts: (i) the Kirchhoff solution, (ii) the “shear part” of the solution, which includes i and @

functions (the single underlined terms in the above equations), and (iii) the €2 function part or the
“boundary layer part” of the solution (the double underlined terms in the above equations).

2.2 Boundary layer in the solution of the Mindlin model

As discussed above, it is the ) function that is responsible for the boundary layer. It can be
interpreted as the local transverse twist, see (9). By examining eq. (20), we can conclude that the term

V*Q has an increasingly smaller role for decreasing h. Therefore, for thin plates €2 is considerably
different from zero only near the boundary. For decreasing h the “shear part” of the solution also tends
towards zero. Thus, for thin plates the part (ii) of the solution is very small and the part (iii) of the
solution is negligible in the interior of the plate. In such a case the Mindlin solution can be seen as the
perturbed Kirchhoff solution. For that reason Héggblad and Bathe [4], see also Arnold and Falk [2],

[3], assumed the following asymptotic expansions of W and Q in powers of h
wM =w" +hw, +h*w, +...
Q=0, + 7(Q, +hQ, +hQ, +..))

where y 1is a cut-off function equal to one in the edge-zone and zero outside that region,

24)

Q :§i (p/ h,S)e_Cp are boundary layer functions, p,S are boundary fitted coordinates (0 1is

distance from the point under consideration to the nearest point on the boundary curve and S is arc-
length parameter of that point). For Kirchhoff solution 2 =0 .

With the above expansions Arnold and Falk [2], [3] and Haggblad and Bathe [4] subsequently
solved Mindlin plate boundary value problems and evaluated relative strengths of ) function,

rotations and stress resultants for smooth edge curves and for different boundary conditions. Their
results are summarized in Table 1. The strength is related to the power of the first non-vanishing term



in the solution. Note, that stress resultants in Table 1 are defined as M,, =M /D, Q. =QM /D,
etc., where coordinate n has an opposite direction of . No boundary layer exists for transverse

displacement. Neither there is a boundary layer for hard-simply supported and soft-clamped straight
(i.e. zero curvature) edges.

2.3 Model error indicator

When analyzing plates it is interesting to have an information weather the chosen model is an adequate
one, i.e., weather it does or does not produce non-desirable high error (at some regions of the plate)
with respect to the solution of the model that we a priori know that it performs better (in comparison
with the 3d solid model) then the chosen one. To evaluate the model error, one thus has to have
solutions of two hierarchical models, where the hierarchy is defined with respect to the 3d model.

Concerning the present problem, we a priori know that the Mindlin solution is closer to the 3d
solution than the Kirchhoff one. If one has both Kirchhoff and Mindlin solutions available for the
same plate problem (as this is the case here, since the latter solution incorporates the former one), a
model error indicator for the Kirchhoff model can be defined as the difference between those two
solutions. The difference can be written in a form of normalized energy norm, i.e. as

we _ AFMDTARM ”
~ F"DFY 29

The indicator 77MK in (25) shows how apart are the solutions (in an energy sense) at a certain point of

the plate. One can choose vector AF MK to represent the difference between the Mindlin and the

Kirchhoff “constitutive stress resultants” and vector F™ to represent the stress resultants of the
Mindlin model

MK MK,cons __ M K M K M K M M
AEMK — AF MY -ME MY —ME MY MK QM QM |

Xy 2

(26)
P =My ..oy |
Matrix D is the plate constitutive matrix
D WD 0 0 0 ]
W D 0 0 0
D=0 0 D(@I-v)/2 0 0 (27)
0 O 0 D° 0
0 O 0 0 D° i

In such a case it is the shear part of the plate bending energy that characterizes the difference between
the Kirchhoff and the Mindlin model in (25), since the “constitutive shear forces” of the Kirchhoff

model are zero. We denote model error indicator based on (26) and (25) as 77"

AFMK,consD—lAFMK,cons
MK,cons __
N (28)

Alternatively, the “equilibrium shear stress resultants” of the Kirchhoff model QXK and Q;

can be included in vector AFMX in (25), i.e.
MK MK equil __ M K M K M K M K M K
AF =AF " _[Mxx _Mxx’Myy_M)’)”Mxy _MXY’QX _QX ’Qy _QY]T (29)

. MK equil
We denote such error indicator as 7"

MK equil -1 MK equil
MK equil __ AF D AF

FM DleM

(30)



It takes into account only the “shear part” and the “boundary layer part” of the Mindlin solution, see
(22) and (23). However, it is usually not sensitive enough, since the difference between the
“equilibrium” Mindlin and Kirchhoff stress resultants is rather small in general.

One can also consider the difference between the Mindlin and the Kirchhoff “constitutive
moments” as small in comparison to the difference between the Mindlin and the Kirchhoff

“constitutive shear forces”. The model indicator 77MK in (25) can be therefore replaced by the
following one

Mo QM DS—IQM .

TP oy

where Q" and D* are given as
s |D° 0
Q" =[e".Q"], D { . DS} (32)

The indicator (31) is approximation of (28). It is again characterized by the shear part of the plate
bending energy, but it only party takes into account (through the shear forces) the “shear part” of the
Mindlin solution as well as its “boundary layer part”.

One can also try to indicate the error of the Kirchhoff model by solution of this model only,
i.e. by
K QKDS—IQK
- FKD—IFK
where Q = [Qf,Qy]Tand F* = [I\/Ifx,l\/lyKy,l\/lg,QxK,Q;(]T. As shown below in numerical
examples, such error indicator is not very reliable, since Kirchhoff stress resultants do not carry any

information about the boundary layer effects and the “shear effects”, which are intrinsic only to the
Mindlin solution.

(33)

3. Rectangular Levy plates
In this section we use the above results for the case of Levy plates.

3.1 Mindlin solution
Let us consider a rectangular plate of constant thickness h, which mid-surface occupies region
{(X, y)| Xe[O,a],ye[—b/Z,b/Z]}. It has two opposite edges at X=0 and X=a hard-simply

supported, and the remaining two edges arbitrarily supported (hard- or soft-simply supported, hard- or
soft-clamped or free). It is assumed that any loading g can be described by a single Fourier series as

a(x.y) =Y dn(y)sina,x (34)
m=1

where o, = mza . In what follows we will restrict ourselves to a case where q(x, y) is constant or
linear function with respect to y.
In order to obtain the Kirchhoff solution, the following series for displacements is assumed

wr (x,y)= ZW (y)sina, x (35)

that satisfies simply supported boundary conditions at X =0 and X=a, i.e. w =M )5( =0. Note,

that the Kirchhoff model defines simple supports as hard-simple supports, see e.g. Babuska and Lee
[5]. By using (22) and (23) in (15),, an ordinary 4™ order differential equation with constant
coefficients is obtained for each m



. -1
W (y) = (A + Apy)coshagy + (A, + Ay)sinhayy +d, (De) (36)
Here A, (i=1,4) are constants that are determined from the boundary conditions at Y =+b /2. Two

boundary conditions are defined at each edge, see Table 2. In this work the constants A, have been
obtained by using symbolic mathematical computer code Mathematica [16], but they can be also
found in textbooks on Kirchhoff plates, see e.g. Reddy [17]. Once Aj, are known, the displacement
and stress resultants of the Kirchhoff model follow from (36), (35), (12) and (13).

In order to get Mindlin solution as an extension of the Kirchhoff solution, one can choose
displacement and rotations of the form

W (x,y) = YW (y)sinar,
! (37)

3.03)= Y p(Y)oosax, 6, (%Y)= D pyn(y)sine,X

Expressions (37) are in accordance with the hard-simply supported boundary conditions at X =0 and
x=a,ie W' = MX'\Q = ¢y =0. In the next step one has to define appropriate expressions for @,y
and (). We recall that those functions have to: (i) satisfy differential equations (17), (19) and (20), and
(ii) enable hard-simple support boundary conditions at X =0 and X =a when inserted in (21) and
(18). Note, that (ii) is identical to the requirement that rotations @,, ¢y and displacement w" are
written in the form (37), when expressions for @, and Q are introduced in (21) and (18). It can be
proven that the following functions are consistent with the above demands

D(x,y)= ii(clm cosha,y +C,,sinha,y)sina,x = i(bm

m m=1

3
[\

(Cymcoshayy +Cyp sinhay,y)sine,x = >y, (38)

m=1

w(x,y)=

DMs T0s

(Csp sinh A,y + Cgp cOsh A, y)cosarpx = > Q

m=1

Q(x,y)=

3
N

Here /1,2n = a; +¢?, where constant ¢? is defined in (8),. Cin (i=1,6) are unknown constants that are to
be determined from the Mindlin model boundary conditions at y==+b/2. Three boundary
conditions are needed at each edge; see Table 2 for their explicit expressions.

In the present work the constants Cj, have been obtained for boundary conditions from Table
2 by using Mathematica [16]. The expressions are lengthy and can be for Levy plates with
symmetrical loading for hard-simple supported, hard-clamped and free edges found elsewhere, see e.g.
Lee et al. [13] or Reddy and Wang [14]. To be complementary with the above mentioned works, we
provide in Appendix only the constants Ci, for soft-simple supported and soft-clamped edges. The
constants in Appendix are valid for any symmetric loading with respect to Yy =0 that can be

expressed in form (34). Note, that for such loading C,, =C,,, =C,,, =0, independently of the type
of boundary conditions.

Once Cj, are obtained, the functions (38) become complete. They can be used, together with
the corresponding Kirchhoff solution, in (21), (18) and (22) to evaluate Mindlin rotations,
displacement and stress resultants, respectively. The coefficients ¢Xm(y), qoym(y) and Wm'vI (y) can be

also easily evaluated. We note, that for SH-SS plate and for SH-CS plate the corresponding Kirchhoff
solutions are of hard type, since there are no soft-simple supported and no soft-clamped Kirchhoff
results.



3.2 Boundary layer
Arnold and Falk [2] showed that for hard-simply supported and soft-clamped boundary conditions
there are no edge effects for edges with zero curvature (i.e. for straight edges). Accordingly, in
rectangular plates under consideration no edge effects are expected at X =0 and X =a, while edge
effects should be observed at y ==+b/2 for soft-simply supported, hard-clamped and free boundary
conditions. No edge effects should be observed at Y =+b/2 for hard-simply supported and soft-
clamped boundary conditions.

With respect to Table 1 we have at Yy =2b/2 n=y and S=X. We therefore expect very
. in SH-SS and SH-F plates, strong edge effects for Qy and M x in SH-SS

and SH-F plates and weaker edge effects for other quantities of SH-SS, SH-F and SH-CH plates. In
general we expect strong edge effects in SH-SS and SH-F plates and weak edge effects in SH-CH
plate.

strong edge effect for Q

3.3 Model error indicator and thickness sensitivity

With analytical solutions available for both the Kirchhoff and the Mindlin model, one can easily
compute the model error indicators (28), (30), (31) and (33) at each point of the plate.

Moreover, one can also compute sensitivity of the Mindlin stress resultant on the thickness. Note,

that the Kirchhoff solution does not depend on the thickness h (except through the factor h*), while
the Mindlin solution depends on the thickness in a complicated way. One may thus define

oM (x,y,h oQ) (x,y,h
)|<\)/I(h — XX@(:]( y )’ Q)'(\Iq — QX (X y )’ ... (39)

oh
to check sensitivity of stress resultants on the thickness.

M

4. Examples
4.1 Exact solution for a sinusoidal loading

As a first illustrative example we consider a square plate a=b=1 E=10° x*=5/6,
v=03,h=107, loaded by q=¢,sinza', (,=1. Boundary conditions at the edges
X =0, X=a are of hard-simply supported type, and boundary conditions at the remaining two edges
at Yy =+b /2 are listed in Table 2. For the chosen loading the exact analytical Mindlin and Kirchhoff
solutions can be obtained by using a single term, i.e. m=1.

With this example we illustrate edge effects in rectangular plates. According to Table 1 one
should expect strong boundary layer at F and SS edges, and weak boundary layer at CH edge. Since
the boundary layer appears only in Mindlin solution, it can be presented as the difference between the
Mindlin and the Kirchhoff solution. Such presentation is shown for SH-F plate in Figure 2. It can be
clearly seen from Figure 2 that sharp solution differences appear in the vicinity of the edges (although
the values may be small in an absolute manner). Away from the boundary layer the two solutions are
very similar; they differ only for the “shear part” (see the single underlined terms in (21)-(23)). Edge

effect is observed for all quantities except for w" and ¢y , which is in accordance with Table 1.

Figures 3 and 4 further show the Mindlin internal forces in a plate section X = CONSt. near the
boundary y=b/2 for three different ratios h/a (the coordinate p is defined as p=b/2-Y).

The results are for SH-F, HS-CH and HS-SS plates, respectively, and are in agreement with Table 1.
The strongest boundary layer at the F edge (Figure 3) exhibits the shear force in the direction

tangential to the edge Qy , weaker edge effect is observed for Q;‘A and Mx , and the weakest for

M XMX and M y'\f/ . The same order of the boundary layer stress resultants strengths is observed also for

CH and SS edges (Figure 4), although edge effects at CH edge are not as strong as at F and SS edges.



Stress resultants of Mindlin solution are complicated functions of thickness h, which can be
illustrated by plotting their derivatives with respect to h (we call them sensitivities). Figure 5 shows
sensitivities of some stress resultants for SS edge. It is interesting to see that sharp variations of
sensitivities are observed in the edge zone, and that sensitivities have equal and almost constant value
outside that zone for all h/a ratios.

4.2 Approximate solution for uniform loading
In this section we present Mindlin results for a square plate a=b with h/a=0.2, v=0.3,
x* =5/6 and uniform loading ( = (,. We compare our results with those of Lee at el. [13] and Kant

and Hinton [18] in Tables 3, 4 and 5, and we show some new results in Table 6. It can be seen that the
present results are in very good agreement with the compared ones when the chosen number of
harmonics is 40.

4.3 Estimation of model error for a square plate under uniform loading
With this example we estimate model error for a square plate a=b with h/a=0.1, v=0.3,
x* =5/6 and uniform loading ¢ = 0, - The number of harmonics is 40.

The results are presented in Figures 6-8. Figure 6 shows contour plots of model error
indicators (28), (31) and (33), and Fig. 7 shows 3d plots of the same indicators. It can be seen from
those two figures that indicator (28) and its approximation (31) yield very similar results, except for
the SH-CH plate, where the corner values of indicator (28) are badly approximated by indicator (31).
The reason for this is neglection of the “shear part” and the “boundary layer part” of the Mindlin
moments in (31). Recall that those effects were only included through the Mindlin shear forces,
although it seems that in this case they have considerable influence on the Mindlin moments as well. It
can be also seen from Figs 6 and 7 that indicator (33) fails to represent the shape of indicator (28) in
the case of SH-SS and SH-F plates. This is expected, since those two plates have the strongest
boundary layer effect, which cannot be captured by Kirchhoff solution used in (33). On the other hand,
(28) and (33) are similar for the case of SH-SH and SH-CS plates, which do not have the boundary
layer. The Kirchhoff shear energy indicator (33) is also not capable to distinguish between the soft and
the hard supports. We can conclude from this example that the model error indicator (31) is reasonable
approximation of (28), and that the model error indicator (33) is not reliable.

In Figure 8 we present energy norm of the “shear part” and the “boundary layer part” of the
Mindlin solution, which is expressed by the indicator (30). It can be seen that the value of (30) is zero
over the entire domain for SH-SH plate, and is non-zero only at the corners of SH-CS plate (which has
no boundary layer) and SH-CH plate (which has weak boundary layer). This model error indicator
shows the difference (expressed in an energy norm) between the “equilibrium stress resultants” of the
Mindlin and the Kirchhoff models.

5. Conclusions

The Fourier series solutions were derived for Mindlin and Kirchhoff plate models in the case of
rectangular Levy plates. For a specified boundary value problem the equations of both models were
solved simultaneously and the results of the Mindlin model were expressed by using the Kirchhoff
results. The terms in the expressions for the Mindlin rotations and stress resultants were identified that
are related to the edge effects and to the shear constraint relaxation. The model error indicators were
suggested to find regions of the plate where Kirchhoff model is adequate and more refined Mindlin
model should be used.

The chosen examples illustrate behavior of stress resultants in the boundary layer for different
thickness to span ratios and for different boundary conditions as well as sensitivity of the stress
resultants on plate thickness. It has been also shown by the examples that the derived analytical
solutions can be useful for testing the discretization error as well as the modeling error indicators
derived within the adaptive finite element analysis of plates.
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Appendix

Mindlin constants for soft-simply supported plate at y==2b/2 and for symmetric loading with
respect to Y =0 are:

Clm =C4m =C6m =0

D°q Ay (—1+ v)Cosh( b/;m jSech(bOZlm j(— be,, + Sinh(ba,, )

C, =

s Dan,Fin

D*bQy A (= 1+ V)Cosh(b/zlm jSech(b‘;m j(bam - Sinh(ba, ))ranh(b‘;m j

C,. =

" 4DaF,,,
C. — Czqu/m(bam —Sinh(bam))

" Dar%] I:lm
where

Fin =—Fyn = —5mCosh(bT’1mj5inh(—b02‘m j{nmCosh(—me ) - cfmSinh(me B +

Cosh(bam jz(— (mCosh(%j + ymnginh(%n
2 2 2

and
Ym=-D*+Dai(-1+v), &, =ayl,(-1+Vv), &, =2(C2 +2a§1), &, =D%be,,,
Nm =2(2Da2 +D%), ¢, =Dbal,(-1+v)

Mindlin constants for soft-clamped plate at Yy =+b/2 and for symmetric loading with respect to
y =0 are:

Clm =C4m =C5m =C6m =0

4quinh(me j(— ba,, +Sinh(be,, ))

sz - F
3m
ba, . (ba, :

A,| &,Cosh 5 +17,,Sinh =" (-ba,, + Sinh(be,,))

C. =
n D%a2Fy,

where

F,, = (ba,, + Sinh(be,, ))(gm +777m8inh(bam )j
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Table 1. Strengths of €2 function, rotations and stress resultants

Q ¢S ¢n M nn M SS M sn QS n

Soft-simply supported 0 1 2 1 1 0 -1 0
Hard-simply supported | 1 2 3 2 2 1 0 1
Soft-clamped 2 3 4 3 3 2 1 2
Hard-clamped 1 3 4 3 3 2 1 2
Free 0 1 2 1 1 0 -1 0
Table 2. Boundary conditions for Levy platesat y =+b /2.
Boundary conditions Plate description Kirchhoff model Mindlin model
Soft-simply supported SH-SS wV = Mx - Mx =0
Hard-simply supported | SH-SH K _mK = M _ MM _ o

ply supp wh =M, =0 wh =My =4 =0
Soft-clamped SH-CS wM = ¢y = M)’(\S =0

- - K K M
Hard-clamped SH-CH wh =wk = 0 wM =g = ¢y -0
Free SH-F K _ K K _ M_AM _ MM _
Myy—Qy+MXy’X 0 Myy—Qy —I\/Ixy—O

Table 3. Non-dimensional results for SH-SH plate; absolute values.

(Wayy/a) Stress Present Present Leeetal. [13] | Kant & Hinton
resultant (m=40) (m=20) (m=40) [18]

(0.5;0) MX /(q0a2) 0.047885 0.047878 0.0479 0.0479

(0.5;0) My“;'/ /(quZ) 0.047886 0.047884 0.0479 0.0478

(1;0.5) MX/ /(quZ) 0.032475 0.033246 0.0325 0.0324

(1;0) QXM /(q,a) 0.332592 0.327534 0.333 0.332

(0.5;0.5) Q;V' /(q,a) 0.337531 0.337154 0.338 0.337

(0.5;0) wV D/(qoa“) 0.004904 0.004904 0.004904 0.0049

Table 4. Non-dimensional results for SH-CH plate; absolute values.

(X/a;y/a) Stress Present Present Leeetal. [13] | Kant & Hinton
resultant (m=40) (M=20) (M=40) [18]

(0.5;0) MX’\Q /(qoaz) 0.029210 0.029204 0.0292 0.0292

(0.5;0) My“:', /(quZ) 0.033053 0.033051 0.0331 0.0330

(0.5;0.5) My“:', /(quZ) 0.062687 0.062685 0.0627 0.0626

(1;0) QXM /(9,2) 0.251206 0.246148 0.251 0.251

(0.5;0.5) Q;V' /(9,2) 0.474938 0.474558 0.475 0.475

(0.5;0) wM D/(qoa“) 0.003021 0.003021 0.003021 0.002930
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Table 5. Non-dimensional results for SH-F plate; absolute values.

(X/a;y/a) Stress Present Present Leeetal. [13] | Kant & Hinton
resultant (m=40) (m=20) (m=40) [18]
(0.5;0) M)'X'( /(q0a2) 0.122924 0.122917 0.123 0.123
(0.5;0) My’\;l, /(q0a2) 0.023722 0.023720 0.0237 0.0237
} M
(1;0) QY /(q,a) 0.456581 0.451523 0.457 0.456
(0.5;0) wV D/(qoa“) 0.014539 0.014539 0.014539 0.014496

Table 6. Non-dimensional results for SH-SS and SH-CS plate; absolute values.

(x/a;y/a) | Stress resultant | Present (m=40) | Present (m=40)
SH-SS SH-CS
(0.5;0) MX“Q /(quZ) 0.051500 0.029795
(0.5;0) Mx /(quZ) 0.050762 0.033525
(1;0.25) Mx"c /(quZ) 0.020854 0.012484
(1;0) QXM /(9,) 0.348294 0.253811
(0.5;0.5) Q;,Vl /(9,) 0.403499 0.505320
(0.5;0) wV D/(qoa“) 0.00527 0.003081
a

o
~
N

vy

Yo

Figure 1. Levy plate: notation.
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Figure 2. Square SH-F plate. Difference between the Mindlin and the Kirchhoff solutions. Top, from
left to right: (a) (W™ —W* )10, (b) (4, — (= W )107, (0) (¢, — (— WX ))10°. Middle, from Ieft to

right: (d) (M — M )10%, (e) (M x -M yKy )107, (H (M X“;', -M g )1072. Bottom, from left to right:
@©Q" -Q, () (Q) —Q)H10~.
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Figure 6. Contour plot of model error for SH-SS plate (first row), SH-SH plate (second row), SH-CS
plate (third row), SH-CH plate (fourth row) and SH-F plate (fifth row). Three different model error
indicators are used: eq. (28) (first column), eq. (31) (second column) and eq. (33) (third column).
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Figure 7. 3d plot of model error for SH-SS plate (first row), SH-SH plate (second row), SH-CS plate
(third row), SH-CH plate (fourth row) and SH-F plate (fifth row). Three different model error
indicators are used: eq. (28) (first column), eq. (31) (second column) and eq. (33) (third column).
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Figure 8. 3d plot of model error (30) for SH-SS, SH-SH and SH-CS plates (first row), and SH-CH and

SH-F plates (second row).
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